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a sphere.

Surface Equation Surface Equation
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peter Riv i P
All traces are ellipses. Horizontal traces are ellipses.
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bolas if k # 0 but are pairs of
lines if k = 0.

Elliptic Paraboloid
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Horizontal traces are ellipses.

Horizontal traces are ellipses.

Horizontal traces are hyper-
bolas.

Vertical traces are parabolas.

The case where ¢ << () is
illustrated.

Vertical traces are parabolas. Vertical traces are hyperbolas.

The variable raised to the first The axis of symmetry corre-

power indicates the axis of the sponds to the variable whose

paraboloid. coefficient is negative.
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Horizontal traces in z = k are
ellipsesifk > cor k < —c.

Vertical traces are hyperbolas.

The two minus signs indicate
two sheets.
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Clairaut’s Theorem Suppose f is defined on a disk D that contains the point
(a, b). If the functions f;, and f,, are both continuous on D, then
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PROOF For small values of h, h # 0, consider the difference
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APPENDIX F  Proofs of Theorsms A47F

[8] Theorem If the partial derivatives f; and Jy exist near (g, &) and are continu-
ous at (a, b), then [ is differentiable at (a, 5).

PROOF Lat
Az = fla + Ax, b + A¥) — fla. B)

According to (14.4.7), to prove that f is differentiable at (a, &) we have to show that we
can write Az in the form

Az = fila, By Ax + fla, b)Y Ay + &1 Ax + &z Ay

where g, and £, — 0 a5 (Ax, Ay)— (0, 0).
Referring to Figure 4, we write

(1] Az =[fla + Ax. b + AY) — fla. b + AY)] + [fla, b + A¥) — fla, B)]

hL
[+ Ax, b+Ay)
_ N (u, b+ Ay) ]
fa, b+ ]
R
I S
rl:a..y:l "B
{a.b)
[}] x

Observe that the function of a single variable
gix) = flx. b + Ay)

is defined on the interval [a, a + Ax]and g'(x) = flx. b + Ay). If we apply the Mean
Valug Theorem o g, we get

gla + Ax) — gla) = g(u) Ax
where 4 is some number between g and a + Ax. In terms of f, this eguation becomes
fla+ Ax. b+ Ay) — fla. b + A¥) = filu, b + Av) Ax
This gives us an expression for the first part of the right side of Equation 1. For the
second part we let h(v) = fia. ¥). Then & is a function of a single varigble defined on

the interval [, b + Av]and A1y} = fila, ¥). A second application of the Mean Value
Theorem then gives

hib + Ay) — hib) = h'(v) Ay
where v is some number between b and b + Ay. In terms of f, this becomes

fla, b + Ay} — fla, b) = fla, v) Ay
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Ads APPENDIX F  Proofs of Theorems

We now substitute these expressions into Equation 1 and obtain
Az = filu, b + Ay) Ax + ffa, o) Ay
= film, b) Ax + [flu, b + A¥) — fila, B)] Ax + fila, b) Ay
+ LHla. ) — fla, b)] Ay
= fila. b)Y Ax + fila, b) &y + 5 Ax + g Ay
where e, =filu, b+ Ay) — fla. b)
g = fila o) — fia. b

Since (u, b + Ay) — (q, B) and (2, ¢) — (a. B) as (Ax, Ay) — (0, 0) and since frand f
are continuous at (a, b), we see that e, — 0 and £ — 0 as (Ax, Ay) — (0, 0).
Therefore f is differentiable at (a, b). |
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