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Corollary 2.2. The structure Z, is decidable.

The results of this section have been published in [10].

3 Decidability of the structure (Z,+, f,, <,0,1)

By adding order to the structure of Z,, the Kronecker theorem cannot be applied for
poof of quantifier-elimination; because we may need to solve an equation of the form
[pz] € (a,b) augmented by = € (¢,d), and the Kronecker theorem cannot be applied for
solving this equation. Hence we resorted to some a different idea to prove the decidability
of this structure by directly analysing formulas.

Note that, the Fibonacci sequence is definable in the structure (Z,+, f,, <,0,1) but
cannot be defined by a quantifier-free formula. So the structure (Z, +, f,, <, 0, 1) does not
admit quantifier-elimination.

The main theorem of this section is the following.

Theorem 3.1. The structure (Z,+, f,, <,0,1) is decidable.

4 Decidability of the structure (Z,+, f,,0,1)

In this section, we prove the decidability of the structure of Z,, for every computable
non-algebraic number . To prove the decidability, we prove that this structure is model-
complete and the decidability is then obtained as a result of model-completeness. So the
main theorem of this section is model-completeness of the structure Z,.

Theorem 4.1. For computable non-algebraic o, the structure Z, is model-complete.

Corollary 4.2. The structure Z, is decidable.



In this thesis, we prove the decidability of expansions of the additive structure of
integers by a Beatty sequence. The thesis is structured as follows. The decidability of
the structure Z, := (Z,+, f,,,0,1), where f,(x) = [¢z], and ¢ is the golden ratio, is
proved in Section 2. In Section 3, we add the order relation to the structure and prove the
decidability of the structure (Z,+, <, f,,,0,1). In section 4, we prove that the structure
Z, is decidable for all computable non-algebraic a.

2 Decidability of the structure (Z,+, f,,0,1)

In this section we prove that the structure Z, has quantifier-elimination and it is decidable.
We are already aware that this follows from the decidability of the theory of (R, Z, oZ, +, <
) for a quadratic irrational number «, as proved by Hieronymi in [7]. His proof relies on
the continued fractions and Ostrowski representations and interpreting in the structure
(N,P(N), €, sy). Since the latter is decidable by a classical result of Biichi [1], so is the
former. Also, the decidability of our structure can as well be obtained as a consequence of
two papers of Shallit et al., [5, 13] where they even propose an automata-based decision
algorithms for Fibonacci words.

Nevertheless, although we rely on facts on Fibonacci words and the lower Wythoff
sequence to explain the properties of the function f, our approach is pure model-theoretic
and based on a quantifier-elimination result in a suitable language. This approach was
suggested by Hieronymi, who guessed that a model-theoretic treatment of the properties
of Beatty sequences would lead to the decidability of our structure.

Recall that any sequence of the form B, = (|an|),en for a positive irrational «, is
called a Beatty sequence. For a > 1 and = «a/(a — 1), (Ba, Bs) form a so-called pair
of complementary Beatty sequences; that is B, U Bs = N and B, N Bz = 0 (see [3, 4] for
more on Beatty sequences). The Beatty sequence B, in the special case that o = ¢, the
golden ratio, is called the lower Wythoff sequence.

We augment the language of Z-groups by the unary function symbol f. This choice of
the language suggests that in order to have a chance for quantifier-elimination, we need to
deal with systems of equations involving congruence relations and the function f. It turns
out that the solvability of such systems is closely related to a classical theorem of Kronecker
that the set of decimal parts of elements of the form pn, for n € N, is dense in the unit
interval (0,1). We will deploy this connection as a major means for our axiomatization.

The main idea we rely on is that the order of the decimal parts is definable in £. That
is there is an L-formula R(x,y) such that R(m,n) holds for two integers m, n if and only
if the decimal part of pm is smaller than that of ¢n. Hence we add a binary predicate
R(z,y) to the language, and the main theorem is the following.

Theorem 2.1. The structure (Z,+, f,, R, {Pn}nen,0,1) admits elimination of quantifiers.
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Abstract

We proof the decidability of four different structures using different methods of
model theory. At first, we proof quantifier-elimination for the structure (Z, +, | ¢z ], 0, 1),
where ¢ is the golden ratio. We then conclude the decidability is obtained as a result.
We extend this decidability result to the case where an order relation is also added.

A similar result also proof when we consider this structure together with the real
numbers. Finally, we proof that the structure (Z,+, |ax|,0,1) is model-complete,
for any computable irrational number «, the decidability of the latter structure is a

result of model-completeness.

1 Introduction

While the theory of the structure (Z, +, -) is famously undecidable (first Godel incomplete-
ness theorem [6]), tame reducts of this structure have been subject of various literature,
see for example [2, 8 7, 9]. A classical result in this direction is the decidability of the
theory of the structure (Z, 4+, {pn }nen, 0, 1), known as the theory of Z-groups. In the men-
tioned structure, multiplication in Z is replaced by infinitely many unary predicates p,,
where p,(x) holds if x = (. More recent relevant results are, for example, that there are no
intermediate structures between the group of integers and Presburger arithmetic (Conant
in [2]); and that the theory of integers with a predicate for prime numbers is decidable,
provided that Dickson’s conjecture holds (Kaplan and Shelah in [9]).
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