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Suppose that 9 is a first-order structure with domain M, A is a given subset of M, and
n is a natural number. A set X C M"™ is called definable in 9t with parameters from
A if there exists a formula ¢(x1,...,2n,91,...,¥m) and elements by,...,b, € A such that
X = {(a1,...,an) € M™ | M = p(a1,...,an,b1,...,by)}. Identifying definable sets, and the
complexity of their definition, in a particular first order structure is of crucial importance in
model theory. This thesis concerns the definability of valuation ring in a henselian valued field,
where the residue field is finite or pseudo-algebraically closed.

A field K is pseudo-algebraically closed if for every absolutely irreducible polynomial f € K[X,Y]
there is a point (a,b) € K? with f(a,b) = 0.

Assume that K is a field and I" is an ordered abelian group. A wvaluation map v : K — I' U {oc}

is a map that satisfies the following properties for all =,y in K:
1 (@ +y) = min{o(x), v(y)}
2. v(z-y) =v(@)+v(y)
3. z=0<v(x) =oc0.

The set O = {z € K : v(z) > 0} is a called a valuation ring of K, and the pair (K, Q) is called a
valued field. The ring O is local, that is it has a unique maximal ideal m = {z € K : v(z) > 0}.



The field F = % is referred to as the residue field. The canonical image of an element a € O in
F' is denoted by a.

A valued field (K, Q) is called henselian if for each f € O[X] and a € O with f(a) = 0 and
f'(@) # 0 in the residue field, there exists some b € O such that f(b) = 0 and b = a.

The main theorem of the thesis is the following:

Let K be a henselian valued field with valuation ring O and residue field F'. If F'is
finite or pseudo-algebraically closed and the algebraic part of F' is not algebraically

closed, then there exists an existential definition of O in K, with no parameters.
To establish this theorem, we first verify that:

1. If U,T C O are such that m C U and T meets all residue classes (i.e. T = F ), then
O=U+T.

2. If f € O[X] is a monic polynomial such that f has no zero in F, and a € O is such that
f'(a) ¢ m, then U := f(K)™! — f(K) ! satisfiess m CU C O.

We deduce the existence of the polynomial f in different ways for cases of finite and pseudo-
algebraically closed residue field. Finally, we show that when F is finite (pseudo-algebraically
closed) the definable subset 7' = {z € K : 29—z =0} (Ty = f(K) ' f(K)"' U{0}) of O meets

all residue classes.
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